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Frequency and time domain solutions for the scattering of acoustic waves from an arbitrarily

shaped target using the Kirchhoff approximation are developed. In this method, the scattering

amplitude is analytically evaluated on a single triangle and scattering from a triangularly facetted

target is computed by coherently summing the contributions from all the triangles that make up its

surface. In the frequency domain, the solution is expressed in terms of regular (non-singular) func-

tions, which only require the knowledge of the directions of the incident and scattered fields, the

edge vectors for the triangles and position vectors to one of their vertices. To derive representations

using regular functions in the time domain, the scattered signal is expressed by different expres-

sions for various limiting cases. The frequency domain solution is validated by comparing its

results to the solutions of problems for which the Kirchhoff approximation has analytic solutions.

In order of increasing complexity, they include the square plate, the circular plate, the finite cylin-

der and the sphere. The time domain solution is validated by comparing it to the time domain solu-

tion of the Kirchhoff approximation for a rigid sphere. VC 2016 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4962735]

[JFL] Pages: 1878–1886

I. INTRODUCTION

The Kirchhoff approximation is a mathematical repre-

sentation of Huygen’s principle.1 It can be derived from the

Helmholtz-Kirchhoff integral equation by replacing the

unknown field quantities at a point on the surface of the scat-

terer by those that would be present on an infinite tangent

plane at that point. The nature of this approximation natu-

rally excludes scattering from the shadowed regions of the

scatterer, but despite this seemingly crude approximation,

the Kirchhoff approximation has been a powerful technique

in computing high frequency scattering both in acoustics and

electromagnetics for well over a hundred years.

One of the difficulties associated with the Kirchhoff

approximation is due to the complexity that arises in per-

forming a surface integral over an arbitrary surface. One

way of overcoming this difficulty is to approximate the sur-

face with smaller facets, be it curved or flat. Nonuniform

rational B-spline surfaces2 is an example of curved facets,

but the disadvantage of these is that at best they provide an

approximate solution even on a single facet. The use of pla-

nar facets, which lend themselves to analytic solutions, is

more popular. Sammelman3 and George and Bahl4 used rect-

angular facets, but their shortcoming is that they cannot

properly represent an arbitrarily shaped curved surface.

Furthermore, they are just a special case of the more versa-

tile and powerful triangular facets.

Fawcett5 derived an analytical expression for backscat-

tering from a plane triangular facet in the frequency domain

and used the inverse Fourier transform to obtain an analytic

representation of this formulation in the time domain, but

both versions of this formulation contain terms that can

become singular unless appropriate limits are taken. The

emergence of singularities in this process is not physical, but

solely a mathematical artifact that arises because a smooth

object is approximated by planar facets. This means that

there is always a way to remove them, but the process of

removing these singularities, which results in conditions for

the range of applicability of the formulation, proves cumber-

some and can significantly slow down computation.

Wendelboe et al.8 essentially derived the same formula-

tion as Fawcett’s,5 but they manipulated their formula to

obtain one that has one singular term instead of three. And

even though they show that the singular term has a limit, one

would have to switch to a different formula in this limit.

Considering that an object can be composed of a huge num-

ber of triangles, the process of finding triangles with a singu-

lar term and replacing the scattering formula for those

triangles can be significantly time consuming.

In this paper, we derive an analytic expression for the

scattering amplitude in the frequency domain for a single pla-

nar triangle. This can be used to compute scattering from a

compact object meshed by triangular facets by coherently

summing the contributions from all the triangles that make

up its surface. The most important features of our formulation

are (1) it does not contain any singular terms and (2) it is

expressed in terms coordinate-independent parameters, which

only requires the edge vectors for the triangles, the direction

of the incident and scattered fields and a position vector to

one of the vertices of the triangles. In our formulation, we

have been able to represent the singular term by a well-

behaved sinc-like function. In addition to this, we derive a

time domain version of this formulation, which is also free of

singularities. While the frequency domain version of thea)Electronic mail: abawi@hlsresearch.com
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formulation can be expressed by a single formula, its time

domain representation must be represented by different for-

mulas for various limiting cases. For this reason, the fre-

quency domain formulation is computationally more

efficient. It must be noted that this model is designed to

approximate the Kirchhoff scattering integral for a non-

penetrable object. For this reason, its accuracy can only be

judged on how well it agrees with the Kirchhoff approxima-

tion. Therefore, to validate it, we compare its solution with

that of the Kirchhoff approximation for cases which the latter

has analytic or close-form solutions. This way the possibility

of numerical error in the reference solution is minimized.

Ordered in increasing degree of complexity, we validate the

model for a square plate, a circular plate, a finite cylinder and

a sphere.

This paper is organized as follows: We derive the fre-

quency domain formulation in the first part and the time

domain formulation in the second part of Sec. II. In Sec. III,

we present various examples to validate the two formula-

tions. This is followed by a summary in Sec. IV.

II. MODEL DERIVATION

In the first part of this section we derive the scattering

amplitude using the Kirchhoff approximation for a single tri-

angle. We express the formula in terms of the directions of

the incident and scattered fields, the edge vectors for the tri-

angle and a position vector to one of its vertices. We manip-

ulate the formula to express it in terms of regular functions

and remove the singularities that stem from approximating a

surface by planar facets. Equation (7) is the main result of

this paper. In the second half of this section, we derive an

analytic formula for scattering of a signal from a triangle in

the time domain by taking the inverse Fourier transform of

Eq. (7). To express this formulation in terms of regular func-

tions, we derive different representations for various limiting

cases. They are given by Eqs. (14) and (16).

A. Frequency domain representation of the scattering
amplitude

In the far-field, the scattered field is given by6

ps ~xð Þ ¼ T ~k;~q
� � eikr

r
; (1)

where ~k is the incoming wave vector, ~q is the outgoing wave

vector defined by ~q � x̂k; ~x is the coordinates of the

receiver, r ¼ j~xj and the scattering amplitude T valid in the

Kirchhoff approximation is given by7

T ~k;~q
� �

¼ 7
i

4p

ð
S

n̂ � ~Q
� �

ei~Q�~x 0d2~x0; ~x0 2 S: (2)

In the above formula and throughout the paper the upper

sign is for the Dirichlet (soft) boundary condition and the

lower sign is for the Neumann (hard) boundary condition, S
is the surface of the scatterer, n̂ is the outward unit normal to

S and ~Q ¼ ~k �~q.

To obtain the scattering amplitude for an object whose

surface can be represented by a triangular mesh, we use the

above formula to obtain an analytic expression for a single

triangle. The scattering amplitude for the object is then

obtained by coherently adding the contributions from all the

triangles that make up its surface. The scattering amplitude

in the local coordinate system of a triangle shown in Fig. 1

can be written as

T ~k;~q
� �

¼ 7
iQz

4p

ðc

0

ðaþ b�að Þy=c

by=c

ei QxxþQyyð Þdxdy;

which after some manipulations integrates to

T ~k;~q
� �

¼ 7
Qz

4p
c

Qx
eiaQx=2

�
n

ei cQyþbQxð Þ=2sinc cQy þ b� að ÞQx

� �
=2

� �
� ei cQyþ b�að Þð Þ=2sinc cQy þ bQxð Þ=2

� �o
;

(3)

where sincðxÞ ¼ sinðxÞ=x. Referring to Fig. 1, we can write

aQx ¼ ~Q � ~T12;

ðb� aÞQx þ cQy ¼ ~Q � ~T23;

bQx þ cQy ¼ �~Q � ~T31;

where the edge vectors ~T12; ~T23, and ~T31 are numbered

according to the vertices of the triangle, which are numbered

in the counterclockwise direction. This allows Eq. (3) to be

written in terms of coordinate independent parameters for a

triangle in three-dimensions whose vertex 1 is a distance R
from the center of the coordinate system

T ~k;~q
� �

¼ 7
A~Q � n̂

2p~Q � ~T12

ei~Q�~Rei~Q�~T 12=2

�
�

e�i~Q�~T 31=2sinc ~Q � ~T23=2

� �

� e�i~Q�~T 23=2sinc ~Q � ~T31=2

� �	
: (4)

FIG. 1. The triangle used in deriving the scattering amplitude formula.
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In the above formula, n̂ is the outward uint normal to the sur-

face of the triangle, A ¼ ac=2 is its area and Qz has been

replaced by ~Q � n̂, and in deriving the above formula use has

been made of the identity ~T12 þ ~T23 þ ~T31 ¼ 0.

Equation (4) expresses the scattering amplitude, Tð~k;~qÞ,
from a single triangle described by its three edge vectors, the

unit normal to its surface and a position vector ~R. The edge

vectors and the unit normal to the surface can be computed

once the coordinates of the three vertices are specified. This

formula summed over all ensonified triangles on the surface

of an object gives the Kirchhoff integral, Eq. (2), exactly for

any flat object with straight edges and becomes an approxi-

mation for flat objects with curved edges and for objects with

curved surfaces. While in the former case, it is sufficient to

represent the surface by as few triangles as possible, in the

latter cases the accuracy of the model increases by increasing

the number of triangles. To enforce the condition that

the sum should only include ensonified triangle, n̂ � ~k < 0

and n̂ �~q > 0 must be satisfied for each ensonified triangle.

Equation (4) is equivalent to, but a simpler form of Eq.

(14a) of Wendelboe et al.,8 expressed in terms coordinate inde-

pendent parameters. Equation (25) of Fawcett5 can also be

brought to a similar form. However, a quick examination of

Eq. (25) of Fawcett’s shows that it can become singular when

the denominators of any of the three terms go to zero. This

happens when both ~k and ~q are perpendicular to any edges of

any of the triangles making up the surface of the object. And

considering that the object can be made up of a huge number

of triangles, this is not such an unlikely scenario. These singu-

larities obviously have no physical significance and are mathe-

matical artifacts, resulting from approximating a surface by

planar facets. For this reason they can be removed by taking

the appropriate limits. However, the process of taking the lim-

its can be cumbersome and often results in expressions that

can still possess singularities, requiring further regularization.

In deriving Eq. (4) and Eq. (14a) of Wendelboe et al.,8

some effort has been made to get rid of the singular terms,

but the terms ~Q � ~T12 in Eq. (4) and b in Eq. (14a) of

Wendelboe et al.8 can still go to zero, causing their respective

equations to become singular. Taking the limit of Eq. (4) for
~Q � ~T 12 ! 0 results in

T ~k;~q
� �

¼ 7
A~Q � n̂

2p
ei~Q�~R0B; (5)

where

B�
"

i

2
sinc2 ~Q � ~T31=2

� �
þ sinc ~Q � ~T31=2

� �

� sin ~Q � ~T31=2

� �
� sinc ~Q � ~T31

� �
� cos ~Q � ~T31

� �
~Q � ~T31

#
:

Equation (5) is equivalent to Eq. (14b) of Wendelboe et al.,8 but

even though its first two terms are regular, the last term has a

singularity when ~Q � ~T31 ! 0. When this limit is taken, we get

7
iA~Q � n̂

4p
ei~Q�~R0 if ~Q � ~T 12 ! 0 and ~Q � ~T31 ! 0: (6)

This demonstrates that these representations are not truly

singular since they have finite limiting values, even though

we have referred to them as having singularities. Our objec-

tive is to represent Eq. (4) by regular functions, so no limit-

ing operations would be required. Relegating the details to

Appendix A, we obtain the regular form of Eq. (4)

T ¼ 7
A~Q � n̂

4p
ei~Q�~R0 eix=2



sinc z=2ð Þ

�
isinc y=2ð Þ

� sinc y=4ð Þsin y=4ð Þ
�
þ 2D x; zð Þ

�
; (7)

where

x � ~Q � ~T12;

y � ~Q � ~T23;

z � ~Q � ~T31;

(8)

and the regular function D is given by

D x; zð Þ ¼
sinc x=2ð Þ � sinc z=2ð Þ

xþ z
; xþ zð Þ 6¼ 0;

0; xþ zð Þ ¼ 0:

8<
: (9)

Henceforth, we refer to Eq. (7) as the TriKirch model or sim-

ply TriKirch to indicate that it represents scattering from a

triangle using the Kirchhoff approximation.

B. Time domain representation of a scattered signal

The scattered signal from an object for which the scat-

tering amplitude is Tð~k;~q;xÞ can be written as

Sðq̂;xÞ ¼ Siðk̂;xÞTðk̂; q̂;xÞ; (10)

where ~k ¼ xk̂=c; ~q ¼ xq̂=c; Siðk̂;xÞ is the incident signal

in direction k̂; q̂ is the direction of the scattered signal, x is

the circular frequency and c is the sound speed. The fre-

quency representation developed in Sec. I can be used to

obtain a time domain representation for the scattered signal

via an inverse Fourier transform, as is done in Fawcett:5

s tð Þ ¼ 1ffiffiffiffiffiffi
2p
p

ð1
�1

Si xð ÞT xð Þe�ixtdx; (11)

where angular dependences have been omitted for brevity.

Equation (4) can be expanded to read

T xð Þ ¼ 6
AQ̂ � n̂

2pQ̂ � ~T12

ic

x

� eixa1

Q̂ � ~T 31

þ eixa2

Q̂ � ~T 23

� eixa3

Q̂ � ~T 31

� eixa3

Q̂ � ~T 23

" #
;

(12)

here Q̂ ¼ k̂ � q̂, and

a1 ¼ Q̂ � ~R0=c;

a2 ¼ Q̂ � ð~R0 þ ~T 12Þ=c;

a3 ¼ Q̂ � ð~R0 � ~T 31Þ=c:

(13)
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Using this expression for the scattering amplitude in Eq.

(11), we get

s tð Þ ¼ 6
AcQ̂ � n̂

2pQ̂ � ~T 12

"
�si t� a1ð Þ
Q̂ � ~T31

þ �si t� a2ð Þ
Q̂ � ~T23

� �si t� a3ð Þ
Q̂ � ~T31

� �si t� a3ð Þ
Q̂ � ~T23

#
; (14)

where

�sðtÞ ¼
ðt

�1
sðsÞds: (15)

If any quantity in the denominators in Eq. (14) goes to zero,

appropriate limits must be taken to express it in finite form.

Equation (14) for these cases is given by

s tð Þ ¼ 6

�AcQ̂ � n̂
2pQ̂ � ~T12

si t� a1ð Þ
c

� �si t� a2ð Þ
Q̂ � ~T 23

þ �si t� a3ð Þ
Q̂ � ~T 23

" #
; Q̂ � ~T31 ! 0; Q̂ � ~T12 6¼ 0; Q̂ � ~T23 6¼ 0;

AcQ̂ � n̂
2pQ̂ � ~T12

si t� a2ð Þ
c

þ �si t� a1ð Þ
Q̂ � ~T 31

� �si t� a3ð Þ
Q̂ � ~T 31

" #
; Q̂ � ~T23 ! 0; Q̂ � ~T12 6¼ 0; Q̂ � ~T31 6¼ 0;

AcQ̂ � n̂
2pQ̂ � ~T31

si t� a1ð Þ
c

þ �si t� a2ð Þ
Q̂ � ~T 31

� �si t� a3ð Þ
Q̂ � ~T 31

" #
; Q̂ � ~T12 ! 0; Q̂ � ~T31 6¼ 0; Q̂ � ~T23 6¼ 0;

�AQ̂ � n̂
4pc

s0i t� a1ð Þ if ~Q � ~T12 ! 0 and ~Q � ~T31 ! 0;

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(16)

where s0i ¼ dsi=dt. Note that the only way that Q̂ can be per-

pendicular to two edges is when it is perpendicular to the

plane of the triangle according to the identity Q̂ � ð~T12

þ~T23 þ ~T31Þ ¼ 0. The scattered signal for the entire object

is obtained by adding the scattered time series for all trian-

gles. The details of the derivation leading to Eqs. (14) and

(16) are provided in Appendix B.

III. VALIDATION AND EXAMPLES

The model developed in this paper approximates the

Kirchhoff scattering integral on the surface of the scatterer;

and its accuracy is judged based on how well it agrees with

the Kirchhoff approximation. To test its accuracy, we apply

it to cases for which the Kirchhoff approximation has ana-

lytic or close form solutions. This way the possibility of

numerical error in the reference solution is minimized. In

this section, we validate TriKirch for a square plate, a circu-

lar plate, a finite cylinder and a sphere. The shape of these

objects systematically become more complex starting with a

flat object with straight edges, a flat object with a curved

edge, a curved object with zero Gaussian curvature and

finally a curved object with positive Gaussian curvature.

A. Square plate

The analytic expression from Eq. (2) for a square plate

of dimension a, centered on the xy-plane is given by

T ¼ 7
i

4p
a2Qzsinc aQx=2ð Þsinc aQy=2

� �
: (17)

Since the square plate can be exactly represented by as

few as two triangles, this case is the simplest application of

TriKirch, and as expected, its results shown in Fig. 2 exactly

agree with those obtained from Eq. (17). In Fig. 2 the scatter-

ing amplitude is computed for an incident plane wave along

the z axis as a function receiver location measured by angle

#. For this example, a¼ 1 m and ka¼ 20.

B. Circular plate

The analytic solution of Eq. (2) for a circular plate of

radius a on the xy-plane is given by

FIG. 2. (Color online) The scattering amplitude as a function of receiver

angle for a square plate. The solid line shows the results from Eq. (17) and

the broken line shows the results from TriKirch. The inset show the two tri-

angles on the plate and the scattering geometry.
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T ¼ 7
ia2Qz

2

J1 a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

x þ Q2
y

q �

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

x þ Q2
y

q ; (18)

where J1 is the Bessel function of order 1. Application of

TriKirch to a plate with curved edges requires enough trian-

gles to approximate the curved edge with straight lines. The

results shown in Fig. 3 are for a¼ 0.5 m and for a plane

wave incident along the negative z axis at frequency corre-

sponding to ka¼ 10. The top left panel in Fig. 3 shows a

comparison of the scattering amplitude computed using Eq.

(18) and TriKirch as a function of the receiver angle mea-

sured from the z axis for the case when five elements per

wavelength at ka¼ 10 is used to mesh the surface. This

implies that the edges of the triangles making up the surface

have an average length of less than k/5. The top panel on

the right shows a comparison of the scattering amplitude

for the same two models as a function of ka for a fixed

receiver angle of 30�. The bottom two panels are the same

results as the top two panels for a finer mesh of ten elements

per wavelength. Figure 3 shows that the TriKirch results

agree almost perfectly with the analytic solution even for a

coarse mesh of five elements per wavelength and the agree-

ment gets better for the finer mesh. Furthermore, the two

panels on the right show almost identical agreement

between the two models up to ka¼ 50, while the plate is

meshed at only ten elements per wavelength at ka¼ 10.

This shows that for a planar scatterer with curved edges the

accuracy of TriKirch depends more on whether the curved

edge is approximated accurately by straight lines rather

than the operating frequency.

C. Finite cylinder

For a finite cylinder of length L and radius a Eq. (2) can

be evaluated in closed form when the axis of the cylinder is

on the plane of incidence, i.e., when both ~k and ~q lie on a

plane containing the axis of the cylinder

T ¼ 6
ikaLa

4p
sinc

kbL

2

 �
C kaað Þ; (19)

where

CðxÞ ¼ pð�iJ1ðxÞ þH�1ðxÞÞ:

In the above equations a ¼ sin hi þ sin hs; b ¼ cos hi

þcos hs, hi is the incident angle, hs is the scattered angle,

both measured from the axis of the cylinder, H�1ðxÞ is

Struve function defined by9

H� zð Þ ¼ 2 z=2ð Þ�ffiffiffi
p
p

C � þ 1=2ð Þ

ð1

0

1� t2ð Þ��1=2
sin ztð Þdt:

In deriving Eq. (19) only the illuminated region of the sur-

face is included in the integration, as is required by the

Kirchhoff approximation. Figure 4 shows a comparison of

scattering from a finite cylinder computed using Eq. (19) and

TriKirch for L¼ 5 m and a¼ 0.5 m. In this example a 2 kHz

plane wave is incident at 45� and the receiver is sweeping

the angle # from zero to 180�. All angles are measure from

the axis of the cylinder. The scattering amplitude as a func-

tion of frequency computed using Eq. (19) and TriKirch is

shown in Fig. 5. In this simulation, the incident field is per-

pendicular to and the scattered angle makes a 60� with the

axis of the cylinder. This results in interference patterns

FIG. 3. (Color online) This figure

shows scattering from a circular plate

of radius 0.5 m computed by Eq. (18) in

solid lines and TriKirch in broken lines.

The incident field is a plane wave in the

negative z direction. The top left panel

shows the scattering amplitude as a

function of receiver angle measured

from the z axis. The top right panel

shows the scattering amplitude as a

function of ka for a fixed receiver angle

of 30�. In the top two panels the plate is

meshed at five element per wavelength

at ka¼ 10. In the bottom two panels the

computation is repeated for a finer

mesh of ten elements per wavelength.
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whose nulls are 600 Hz apart. The top panel in this figure

shows the scattering amplitude as a function of frequency

for the case when the cylinder is meshed at ten elements per

wavelength at a frequency of 2 kHz. This translates to a

wavelength of 75 cm in water and triangles whose average

edge lengths do not exceed 7.5 cm, resulting in 6560 trian-

gles to mesh the entire cylinder. The bottom panel shows the

same results for a finer mesh of triangles whose average

edge lengths do not exceed 15 mm, resulting in 163 500 tri-

angles. These results show that TriKirch requires a minimum

of ten elements per wavelength of the frequency of interest

to produce accurate results. It is interesting to note that

TriKirch produces more accurate results than those obtained

by using the second-order stationary phase method to evalu-

ate Eq. (2). This is shown in Fig. 6, where the stationary

phase solution is included in addition to the results shown in

Fig. 4. While the TriKirch solution shows excellent agree-

ment with those obtained from Eq. (19), the stationary phase

solution shows small differences for all angles, particularly

near specular (135�) and 157�. This shows that even the

second-order stationary phase method cannot approximate

the Kirchhoff integral as well as TriKirch. A close-up of the

results near these angles is shown in the bottom two panels.

D. Sphere

The scattering amplitude for a sphere of radius a in

the backscattered direction can be obtained from Eq. (2)

analytically,

T ¼ 7
iae�2ika

4ka
e2ika � 2ika� 1ð Þ: (20)

A comparison of scattering amplitude for a sphere of

a¼ 0.25 m computed using TriKirch and the above formula

as a function of the dimensionless parameter ka is shown in

Fig. 7. In the TriKirch computation eight elements per wave-

length at the maximum ka of 20 were used to mesh the

sphere, which resulted in 19596 triangles. Figure 7 shows

that there is excellent agreement between the two solutions.

As an example of the time domain application of

TriKirch, we used Eqs. (14) and (16) to compute the scatter-

ing of a Ricker wavelet, with a center frequency of 445 kHz,

from a 10 cm rigid sphere. For a rigid sphere, the lower signs

in the above equations were used. This is the example that

was also presented in Wendelboe et al.8 The results are shown

in Fig. 8, where the solid lines are for the exact partial wave

solution for the rigid sphere and the broken lines are for the

TriKirch solutions. The top panels are for the case when the

sphere was meshed at six elements per wavelength

(k¼ 3.4 mm). This resulted in 967 000 triangles with an aver-

age area of 0.13 mm2. The bottom two panels are for the case

when the sphere was meshed at one element per wavelength,

resulting in 13 600 triangles with an average area of 9.2 mm2.

FIG. 5. (Color online) The scattering amplitude as a function of frequency for

a finite cylinder. The solid line shows the results from Eq. (19) and the broken

line shows the results from TriKirch. In the top panel the cylinder is meshed at

ten elements per wavelength at a frequency of 2 kHz and in the bottom panel it

is meshed at ten elements per wavelength at a frequency of 10 kHz.

FIG. 4. (Color online) The scattering amplitude as a function of receiver

angle for a finite cylinder. The solid line shows the results from Eq. (19) and

the broken line shows the results from TriKirch.
FIG. 6. (Color online) The scattering amplitude as a function of receiver

angle for a finite cylinder. The solid line shows the results from Eq. (19), the

broken line shows the results from TriKirch and the dashed line shows the

results for the stationary phase solution. The bottom two panels show a

close-up of the results near 135� and 157�.
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In both cases there is excellent agreement between the

TriKirch and the reference solutions, even for the coarser

mesh the figure has to be magnified to discern the differences

between the two solutions. As was pointed out by Wendelboe

et al.,8 the oscillations seen in the top right panel of Fig. 8 are

as a result of surface discretization, but it is curious that in the

solution by Wendelboe et al.8 solution they are clearly visible,

while in our solution they are much smaller, even though their

mesh size of 11 mm2 is close to our mesh size of 9.2 mm2.

IV. SUMMARY

In this paper, we derived frequency and time domain

expressions for the scattering of acoustic waves from an

arbitrarily shaped object. In the frequency domain, we

derived the scattering amplitude for a single triangle ana-

lytically and obtained the scattering amplitude for a trian-

gularly meshed object by coherently summing the

contributions from all the triangles that make up its surface.

In the time domain, we used the inverse Fourier transform

on the frequency domain result to obtain an analytic

expression for the scattering of a signal from a single trian-

gle and used it to compute the scattered signal from the

entire object by adding the scattered signals for all trian-

gles. Unlike previous results, the frequency domain repre-

sentation is free of singularities and a single formula can be

used under any condition. In the time domain, we derived

singularity-free formulas for all possible cases in which

singularities can occur. We validated both formulations by

applying them to various problems for which well-known

solutions exist. In order of increasing complexity, they

include the square plate, the circular plate, the finite cylin-

der and the sphere.

On the basis of how the model is developed, its valida-

tion for the simple targets in this paper guarantees that it can

compute scattering from any arbitrarily shaped, non-

penetrable target to the accuracy of the Kirchhoff approxi-

mation, as long as the target is adequately meshed. Like the

Kirchhoff approximation, it treats scattering locally, so it

does not account for multiple scattering from different facets

on the surface of the target. However, this can be done by

using a ray model that determines when a ray hits a surface

facet and uses TriKirch to compute the scattered ray.

Similarly, to handle scattering from a target in a waveguide,

the total scattering amplitude should be computed as the sum

of scattering amplitudes for all combinations of pairs of inci-

dent and scattered rays.

FIG. 8. (Color online) The scattering

of a Ricker wavelet from a rigid

sphere. The reference solution is the

exact partial wave solution in solid

lines and the TriKirch solutions are in

broken lines. The top two panels are

for a mesh size of one element per

wavelength and the bottom two panels

are for a mesh size of six element per

wavelength. The figures on the right

column are blowups of the solutions

on the left column to reveal the differ-

ences between the TriKirch and the

reference solutions.

FIG. 7. (Color online)The scattering amplitude in the backscattered direc-

tion as a function of ka for a sphere of radius 0.25 m computed using Eq.

(20) in solid line and TriKirch in broken line.
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APPENDIX A: THE DERIVATION OF EQ. (7)

Consider Eq. (4),

T ~k;~q
� �

¼ 7
A~Q � n̂

2p
ei~Q�~Rei~Q�~T 12=2T1

~k;~q
� �

; (A1)

where

T1 ¼
e�i z=2ð Þsinc

xþ z

2
� e xþzð Þ=2sinc

z

2

 �
x

; (A2)

and x, y, and z have been defined in Eq. (8). The above

expression can be simplified to give

T1 ¼ T2 þ
i

2
sinc z=2ð Þsinc xþ zð Þ=2ð Þ; (A3)

where

T2 ¼
�2 cos xþ zð Þ=2ð Þsin z=2ð Þ

xz

þ 2 cos z=2ð Þsin xþ zð Þ=2ð Þ
x xþ zð Þ : (A4)

It is obvious that the singularity is in T2 as the last term in

Eq. (A3) is regular. The two terms in T2 can be combined to

give

T2 ¼
�2x cos xþ zð Þ=2ð Þsin z=2ð Þ þ 2z sin xþ zð Þ=2ð Þcos z=2ð Þ � cos xþ zð Þ=2ð Þsin z=2ð Þð Þ

xz xþ zð Þ : (A5)

The trigonometric identities for the products of sines and

cosines can be used to combine the second term in the numer-

ator of Eq. (A5). This and further manipulations result in

T2 ¼
sinc x=2ð Þ

xþ zð Þ �
cos xþ zð Þ=2ð Þsin z=2ð Þ

xþ zð Þ : (A6)

Using the identity

cos ððxþ zÞ=2Þ ¼ 1� 2 sin2ððxþ zÞ=4Þ;

in Eq. (A6) gives

T2 ¼
sinc x=2ð Þ

xþ zð Þ �
1� 2 sin2 xþ zð Þ=4ð Þ
� �

sinc z=2ð Þ
xþ zð Þ :

The above equation can be rewritten as

T2 ¼ D x; zð Þ þ
2 sin2 xþ zð Þ=4ð Þsinc z=2ð Þ

xþ zð Þ ; (A7)

where Dðx; zÞ is defined in Eq. (9). The second term can be

written as

1

2
sinc xþ zð Þ=4ð Þsinc z=2ð Þsin xþ zð Þ=4ð Þ;

resulting in the final expression

T ¼ D x; zð Þ þ
1

2
sinc xþ zð Þ=4ð Þsinc z=2ð Þsin xþ zð Þ=4ð Þ

þ i

2
sinc z=2ð Þsinc xþ zð Þ=2ð Þ:

(A8)

Substituting the above expression in Eq. (A1) and using Eq.

(8) for x, y and z gives Eq. (7). It is obvious that the singular-

ity in Eq. (A8) is in Dðx; zÞ. However, Dðx; zÞ is perfectly

well-behaved once it is understood that it goes to zero when

ðxþ zÞ ! 0. To inspect the behavior of Dðx; zÞ for small

(xþ z), let D¼ xþ z, then

lim
D!0

D D� z; zð Þ ¼ �z cos z=2ð Þ þ 2 sin z=2ð Þ
z2

þ O Dð Þ:

The above expression is perfectly well-behaved for any z
except z¼ 0, but when z! 0, we get

lim
z!0

�z cos z=2ð Þ þ 2 sin z=2ð Þ
z2

¼ z

12
þ O z3ð Þ:

The same arguments can be applied when x ! 0, verifying

Eq. (9).

APPENDIX B: THE DETAILS OF THE DERIVATION
LEADING TO EQS. (14) AND (16)

Consider the inverse Fourier transform of a single term

in Eq. (12),

u tð Þ ¼ 1ffiffiffiffiffiffi
2p
p

ð1
�1

i

x
Si xð Þe�ix t�a1ð Þdx: (B1)

Taking the time derivative of the above equation gives

du tð Þ
dt
¼ 1ffiffiffiffiffiffi

2p
p

ð1
�1

Si xð Þe�ix t�a1ð Þdx ¼ s t� a1ð Þ;

where s(t) is defined in Eq. (11). This leads to
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uðtÞ ¼
ðt

�1
sðs� a1Þds ¼ �sðt� a1Þ;

where �sðtÞ is defined in Eq. (15). The use of Eq. (B1) in

every term in Eq. (12) leads to Eq. (14).

For the case when Q̂ � ~T 31 ! 0, but Q̂ � ~T 23 and Q̂ � ~T12

are nonzero, the relevant part of Eq. (12) can be written

lim
Q̂�~T 31!0

ic

x
eixa1

Q̂ � ~T31

� eixa3

Q̂ � ~T31

" #
¼ �eixa1 ;

where Eq. (13) has been used. Applying Eq. (11) to this

piece results in

�1ffiffiffiffiffiffi
2p
p

ð1
�1

Si xð Þe�ix t�a1ð Þdx ¼ �s t� a1ð Þ:

Substituting the right hand side of this equation in Eq. (14)

gives the top equation in Eq. (16). A similar analysis results

in the second equation in Eq. (16).

For the case when Q̂ � ~T 12 ! 0, but Q̂ � ~T 23 and Q̂ � ~T31

are nonzero, Eq. (12) can be written

T xð Þ ¼ 6
AQ̂ � n̂

2pd
i

xc
eixa1

1

a
� eixd

aþ d
� e�ixa

a
þ e�ixa

aþ d

� 	
;

(B2)

where d ¼ Q̂ � ~T12=c; a ¼ Q̂ � ~T31=c and use has been made

of Eq. (13) and ~T12 þ ~T23 þ ~T31 ¼ 0. The quantity in square

brackets can be expanded in a series involving powers of d,

1

a2
� ix

a
� e�ixa

a2

 �
dþ O d2ð Þ:

Thus in the limit when d! 0, Eq. (B2) becomes

T xð Þ ¼ 6
AQ̂ � n̂

2p
i

xca
eixa1

1

a
� ix� e�ixa

a

� 	
: (B3)

Applying Eq. (11) to the above equation, substituting for a
and remembering that in this limit a1¼ a2, gives the third

equation in Eq. (16).

Finally, when both Q̂ � ~T 21 ! 0 and Q̂ � ~T 31 ! 0, we

take the limit of Eq. (B3) when a! 0, which results in

T xð Þ ¼ 6
AQ̂ � n̂

4p
ix
c

eixa1 : (B4)

Applying Eq. (11) to this equation gives

s tð Þ ¼ 6
AQ̂ � n̂

4p
i

c

1ffiffiffiffiffiffi
2p
p

ð1
�1

xSi xð Þe�ix t�a1ð Þdx;

which can be written as

s tð Þ ¼ 6
�AQ̂ � n̂

4pc
s0 t� a1ð Þ; (B5)

where

s0 t� a1ð Þ ¼
1ffiffiffiffiffiffi
2p
p d

dt

ð1
�1

Si xð Þe�ix t�a1ð Þdx:

Equation (B5) is the last equation in Eq. (16).
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