The Bending of Bonded Layers Due to
Thermal Stress

Ahmad T. Abawi
Hughes Research Laboratories, 3011 Malibu Canyon Road,
Malibu, CA 90265

October 23, 2004

When two layers expand unequally, but are bonded together, there is a natural tendency
for the composite to bend. In this report this problem is addressed in two parts. In the first
part we consider the bending of two layers which are bonded together such that there is no
slip at the interface. In the second part we consider the same problem when the bonding
material allows movement at the interface. The following references are used in this work

[1],]2],[3] and [4].

I Bending of two bonded layers with no slip at the
interface
In this analysis it is assumed that the two layers behave like beams capable of axial and

bending deformations, and there is no slip at the interface. A typical configuration is shown
below where, t, E, and « are the thickness, Young’s modulus and the coefficient of thermal
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Figure 1: Two bonded layers with different elastic properties.

expansion, respectively. If as > a7, an increase in temperature causes the bottom layer to
stretch more than the top layer. Because the two layers can not move with respect to each
other at the interface, the whole structure will bend as shown in Fig.(2) The equilibrium of
forces yields

P =P (1)
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Figure 2: Bonded layers with different elastic properties tend to bend due different responses
to temperature.

let P, = P, = P. The equilibrium of moments yields
h

Referring to Fig.(3), the strain due to bending is
Al I+Al-1 2r(R+AR)-2nrR ARt
T T T T 27 R "R 2R

The bending moment ,on the other hand is given
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according to the stress-strain relationship
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Figure 3:



where A is the cross-sectional area of the bent beam. Using this relationship in Eq.(3), we
get

E 2 EI
M:—/ 2g4 = 22
RJip? R

where
t/2
1= y2dA
—t/2
is the moment of inertia of a slice with unit mass per unit area. In our case the cross-section
is a rectangle and I becomes

t/2 wt?
I = / 2qy = —
Y e T

In view the above relationship, Eq.(2) can be written

h B\, + Byl
PizMﬁw@:Jiﬁiﬁ (4)

Thermal expansion induces internal tensile and compressive forces and bending. The strain
due to these effects for each layer is given

P1 1
= T —
M (o %1 +w1}5E1+2R )
= T — —2— — f2
i 2 wthg 2R
Since there is no slipping, 7, = 72 or
P1 tl P2 t2
T+ ——Fpm=0l — —— — = 6
ad+ wt1E1 + 2R @ thEQ 2R ( )
from Eq.(4)
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1
substituting this into Eq.(6) and solving for - gives us the curvature of the bent structure
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where in the above T’ is the temperature and
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II Bending of two bonded layers with movement at
the interface

Two layers of lengths 2[, thicknesses of ¢, t5, and unit widths bonded by an adhesive of
thickness n are shown below where ~;, and G;, i=1,2 are Poisson’s ratio and shear modulus
respectively. The other parameters have been defined in Section I. Force and moment dia-
gram of a small section of the above structure is shown below Since the whole structure is
in equilibrium, the equilibrium of moments requires that
dMi/dx — Vi + 1ot1/2 = 0,
dMg/dl' — ‘/2 + Tot2/2 = 0,

the equilibrium of horizontal forces requires that

dTl/dl'—To = O, (9)
dTg/dl'—f—T() = O,

and the equilibrium of vertical forces requires that
dVi/dx — oy = 0,

(8)

dVy/dx + 09 = 0. (10)
From elementary bending theories (see Appendix A) we have
dQUl/dl'2 = _Ml/Dl (11)
d*vy/dx® = —My/Dy
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where
Et}

20—’
are the flexural rigidities. As we found in Section I, the unit enlongation due to thermal
stress and bending are given

D; = i=1,2

duy (1= 97)Ti  6Mi(1—9f)
dx Eltl Elt%
duy (1 =9)Ty | 6Ma(1 —13)

dr Bty Eyt?

+ (1 -+ ’71)041T
(12)

+ (1 + 72)@27-‘

Finally, the stress in the joint material is assumed to depend on the displacements (u,v1)
and (ug,v9) according to the equations

T0/Go = (u1 —ug)/
oo/Ey = (711—712)/7777 (13)

here Gy and Ej are the shear and Young’s modulus of the joint material.
Now with the above equations the problem is fully formulated. With appropriate bound-
ary conditions, the analysis is complete. The boundary conditions at x = [ are given

MleQ = O
T1:T2 = O (14)
i=Va =0

The above set of equations (Eq.(8) through Eq.(13)) can be reduced to a single sixth-order
differential equation for oy. A solution of the differential equation can be found containing six
constants of integration permitting the six boundary conditions to be satisfied [3]. Following
the analysis in [3], the differential equation for oq is given

dGO'Q G()C d40'0 E()b d20'0 G()E()(bc - CL2)O'0

_ - =0 15
dxb n dz* * n rdx? n? (15)

where the constants a, b, and ¢ are defined as

a:6l(1—ﬁ) (1—75)],

Eqt3 FEst3

(1-77) , (1—193)
bh=12
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The solution of Eq.(15) is related to the roots of the algebraic equation

=0

3 G()Cy2 + Eob _ G()Eo(bc — a2)

y Y 5
n n n

let

ag —

7> ’
Eqb
ay = —,
n
G()C
ay = ——,
n
(aray — 3ag)  a
r = — =
6 27’
g = M4
3 9

then the roots of the above algebraic equation are

Yy = ﬁla
Y2 Bu + iPv,
ys = B —1ifv.

where
a
Br = (s1+s2)— 327
1 a
B = —5(81 + s9) — ?2’
V3

Pv = 7(31—52)-

and

Sy =T+ /¢ +1r?

then the solution to (Eq.15) is given

09 = Aj cosh 812 + Az cosh Bgx cos By x + As sinh Gy sin fyx.
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the constants A;, Az, and Aj; are determined by the boundary conditions (Eq.14). Similarly
the shear stress 7y is determined to be

7o = Oy sinh B2 + Cy sinh By x cos Bya + Cg cosh B sin By x. (17)

The details of expressions for the constants A;..., (5 are given in Appendix B.

The radius of curvature of a bent layer, at least to our beam approximation, is propor-
tional to the bending moments M; and M,. M; and M, can be found from the expressions
for o and 7y by integrating the set of equations (Eq.8) and (Eq.10). The constants of inte-
gration can be found from the boundary conditions (Eq.14). Since the integration is straight
forward, we skip the details and write down the functional form of M;(x) and My(z). All
the constants appearing in these expressions are given in Appendix B.

M;(x) = 1 cosh [z + & sinh Sy x sin By x + &5 cosh Sy x cos fyx + Q1 + Oy, (18)
and

My(z) = (4 cosh By — &3 sinh By sin fyx + &4 cosh By cos By + Qax + Os. (19)

IIT Appendix A

We found in the main text that the unit enlongation in x and y directions of an element
abed at distance z from the neutral surface are

z z

€x = —, €y = —
P Py

where, p, and p, are the radii of curvature in the x and y directions. From Hook’s law

&= (0o —10), (A-1)
1
&y = {0y~ 10%). (A-2)

where 7 is Poisson’s ratio. From the above equations we find

Ez 1 1
o, = — v, A-3
. _vg(pz py) (A-3)
and
Ez 1 1
0y = ——=(— +7—). (A-4)
1 — 77 Py x
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Neutral surface

Figure 5:

The normal stress distribution over the lateral sides of the element in the above figure can
be reduced to couples which must be equal to the bending moments

h/2
/h/2
h/2
/h/2

oyzdzdy = M,dy,

oyzdzdr = Mydz.

Substituting from (Eq.A-3) and (Eq.A-4) for o, and o, gives

and

where

D=

M,

FE
1 —~2

1 1
= D(_ +7_)7

Pa Py

/h/ 2 ER?

g2 12(1— 2

is the flexural rigidity of the plate. In our analysis in the main text we have assumed that
the bending occurs only in one direction which means that the relation between the bending
moment and flexural rigidity reduces to

D
M==
p
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From differential geometry, on the other hand, we know that the curvature of a bent beam
is given

o
1 ar
P dv 23/2
1 __
1+ ()

where v denotes the deflection of the beam. For small deflections this relation reduces to

1 d

o da?
From (Eq.A-5) we find

v M

de2 D’

IV Appendix B

In order to be able to write down more compact expressions for the constants appearing in
the main text, we define the following parameters:

S %[(1 +71)on — (14 72) )T

CHC = coshfBglcosfyl,
SHS = sinh Bylsin Gyl,
CHS = cosh (glsinfyl,
SHC = sinh @glcos fyl,

Be = (Bf +B7),

Ba = (By —B7),

B = Bubv,

o= ﬁ% cosh B4,

py = BCHC —25,SHS,

p3s = [aSHS+ 203, CHC,

_ sinh 51
p4 ﬁl Y
Bv Bu
= —(CHS+ —SHC,
) B,



Bu Bv

= —(CHS—-—SHC,
Po = 75, 3,
FEyb
pr = (84— ")coshBil
,  Egb
ps = |[Ba—A408;, + T]CHC —46,845HS,

Eqb
po = [Ba—48% + TO]SHS + 483,,3,CHC.

The constants Ay, As, and As are then given

A, — T(PQPG - p3p5)
! Den ’

Ao — T(p3p4 - p1p6)
3 Den ’

A — T(P1p5 - p2p4)
b Den ’

where

Den = p7(p2ps — paps) + ps(Pspa — p1pe) + Po(P1P5 — P2pa)

from here (4, (5, and C3 are found to be

’I] 4 Eob
c, = —)A
' Blan(ﬁl—i_ n ) b
n
Cy = —(71A3 —vA
2 an(’h 3~ 72 5)7
n
Cy = —(vA As).
3 an(’h 5 + 7243)

Next we define the following set of parameters

Ay
o1 = 5
by = (AsfBy + AsBm)
Bs ’
5 _ (s — Aspy)
Bs ’
(451—01%)
Y1 = G ;

10



(2
P
G

G2

References

(¢2 — C54)
Bs ’
(95 — C2%)
Bs ’
(1 + Ch %2)
B ’
(¢2 + 03%2)
Bs ’
(¢3 + 02%2)
Bs ’
—(¢y sinh B11 4+ ¢p,CSH + ¢p3SHC),
=,
YaBr + Y3bv,
V3B — Y2,
CfBu + (30v,
Cfv — (30,
—py cosh Bl — ESHS — &CHC — Q4
Creosh Bil + &SHS — ECHC — Qol.

[1] S. Timoshenko. Analysis of bi-metal thermostats. Journal of Optical Society of America
and R.S.I, 11:233-255, 1925.

[2] M. Goland and E. Reissner. The stress in cemented joints. Journal of Applied Mechanics
Transactions AMSE, 11:17-27, 1944.

[3] W. T. Chen and C. W. Nelson. Thermal stress in bonded joints. IBM Journal of Research
and Development, 23 (2), 1979.

[4] S. Timoshenko. Theory of Elastic Stability. Mc Graw-Hill Book Co., 1956.

11



